WEIGHTED AVERAGES OF MODULAR L-VALUES

ANDREW KNIGHTLY AND CHARLES LI

ABSTRACT. Using an explicit relative trace formula on GL(2), we derive a
formula for averages of modular L-values in the critical strip, weighting by
Fourier coefficients, Hecke eigenvalues, and Petersson norms. As an application
we show that a GRH holds for these averages as the weight or the level goes
to co. We also use the formula to give explicit zero-free regions of the form
| Im(s)| < 7o for some particular modular L-functions.
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1. INTRODUCTION

Let Sx(N,w’) denote the space of cusp forms h on I'g(N) satisfying

az+b

h
(cz +d
The Mellin transform of A is the analytic function

A(s,h) = /0 h(iy)y*~dy,

which converges absolutely for all s € C ([Sh], p. 94). Write h(z) = 3" a,(h)e*™=.

) =w'(d) " ez + d)* h(2) ((‘;g) € To(N)).

r>0
When Re(s) > 1+ k/2, we have additionally
/ Z lar(h)e ™Y y*~tdy < co.
0 r>o0
Therefore for such s,
A(s,h) = Zar(h)/ ey T dy =y ar(h)/ e it Y (2mr) "o dt
>0 0 >0 0
~(h
= @19 2 2 — (2m)=r(e) (s, ),
r>0 r

where L(s, h) is the Dirichlet series attached to h. The completed L-function A(s, h)
satisfies a functional equation relating values at s and k — s, which in the case of
N =1 is simply

(1) A(s,h) = i*A(k — s, h).

Hence the critical line of the L-function is Re(s) = k/2. If h is a newform determin-
ing the cuspidal representation 7, then A(s,7) = A(s+ k;—l, h), and A(s, ) satisfies
a functional equation relating its values at s and 1 — s.

The central values of L-functions have deep arithmetic significance. If the Hecke
eigenvalues are known, one can compute the central values of a particular L-function
using the approximate functional equation (see e.g. [Mi], §1.3.2). We can also use
the trace formula to get information about averages of L-values as h ranges through
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an orthogonal Hecke eigenbasis F for Sx(N,w’). In this paper, we will explicitly
compute such an average, with the L-values weighted by Hecke eigenvalues, Fourier
coefficients and Petersson norms.

An asymptotic formula for averages of L-values (over normalized newforms and
weighting by eigenvalues of T),») was given by Royer in the special case k = 2 in
§4.3 of [Rol:

> L(1L,h)Apn (h) = ((2) dim S(N)"“ e(n, p)+O0- (p" ¢ dim Sy(N)"ew N~ 1/4+¢)
heFnew
for an explicit constant c¢(n,p). Royer’s estimate comes from the Eichler-Selberg
formula for tr(Tpn ).

Weighting by Fourier coefficients, Duke showed that when k = 2, N is prime, w’
is trivial, and x is a Dirichlet character unramified at NV,

1 3 al(h)L(1,2h®x) _ dr £ O(N-"10g ),
B 2 A

where ¥(N) = [SLa(Z) : To(N)], [Du]. Here we have normalized the Petersson
norm as in (2) below. With a more careful estimation, Ellenberg improved Duke’s
error term to O(N ~17¢), while at the same time allowing a,.(h) in place of a1 (h),
[El]. Of the many other generalizations of Duke’s work, we mention two: Akbary
extended it to weight k > 2 with an error term of Oy (N~'/2(log N)*~1) [Ak], and
Kamiya further allowed composite N and L(1 + it,h ® x) with an error term of
Ot x(N7¥/4) [Ka]. The method of Duke uses the Petersson trace formula.

Here we consider the case k > 2. For the weighted averages we obtain an error
term of O(N~%2) on the critical line. In fact, we give an explicit formula for the
average (Theorem 1.1). At the same time, we allow s to vary through the whole
critical strip. We will also give the asymptotic behavior of the average as k — oo.

To state the main theorem, for h € Sg(N,w’), let h~ € Sg(N,w'™') denote
the “complex conjugate” of h, given by h=(z) = Y an(h)¢". If & is trivial, then
h™ = h, and in general A(s,h™) = A(S, h).

Theorem 1.1. Let r,N,n,k € ZT with (n, N) = 1 and k > 2. Fiz a Dirichlet
character w' of conductor dividing N, and suppose Sx(N,w’) # {0}. Let F be an

orthogonal basis for Sx(N,w’) consisting of eigenfunctions for the Hecke operator
Tn. Then for any s € C with 1 < Re(s) <k —1,

)\n h Qp h A S,h_
g
heF
_P(N)25 T (s) (2mrm) k! m2s—k+1
} (k- 2) >
m| ged(n,r)

25710 (k — s)(2mrn)* ! k—2s+1
(k — 2)li 2, m

+0n,1
m| ged(n,r)
(N)(4rrn)k—t a=®=9)d=* ged(a, Nd)
Ns (k _ 2)[ eims/2 Z wl(a) e2mirlo/a

.1, 270TN
+ 1f1(57ka Nad)’
a#0,d>0
ged(a,Nd)| ged(r,n)
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where Toh = Ay(h)h, £y is any integer satisfying {oNd =n mod a, and
I'(s)T'(k — s)

1hi(s ks w) = (k)

1F1(s;k;w)

for the confluent hypergeometric function 1F1(s;k;w) = 1+ fw + igiﬂ; “2’—,2 4+
When a < 0, we take a® = €™%|al®. We use the convention throughout that
s a sum over positive divisors of n.

m|n

This theorem generalizes a result of Kohnen, who derived the special case n =
N =1 using a Poincaré series-type argument ([Ko], p. 188). Our approach here is
quite different.

From its integral representation (cf. (17) on page 17), it follows that

|1 f1(s; k; 2mirn/Nad)| < 1.

Thus the sum over a,d is bounded independently of N (see Prop. 4.2 for a precise
bound), and we have the following.

Corollary 1.2. With notation as above and 1 < Re(s) <k —1,
1 An(R)ar(h)A(s,h™)
$(N) 2 172}
B 2k711'\(8)(2ﬂ.7.n)k7571 Z m257k+1
N (k —2)! w'(m)

The implied constant is effective, and depends only on k,n,r and s, uniformly for
s in compact subsets of the given strip.

heF

+ O(N~Rel))y,

m| ged(n,r)

According to the Grand Riemann Hypothesis, when h is a Hecke eigenform all
zeros of A(s,h) inside the critical strip 51 < Re(s) < *t! lie on the critical line
Re(s) = k/2. Using Theorem 1.1, we will show that a GRH holds for averages (see
also [Ko] for the N =1 case). Note that Corollary 1.2 implies nonvanishing of the
average when N is large, at least when ged(n,r) = 1. By the results of Section
4.1 in which we determine the asymptotic behavior as k — oo, the average is also
nonzero when k is large. To state the result, we shift the L-functions so that the

critical strip becomes 0 < Re(s) < 1, independent of k.

Corollary 1.3. Assume N > 1, k > 3, ged(n,r) = 1, and that Sx(N,w’) # {0}.
For 79 > 0, let R be the rectangle consisting of s with 0 < Re(s) <1 and |Im(s)| <
T9. Then there exist constants Cy,Cn > 0 depending only on R, n and r, such that
if either k > Cx or N > Cy, the sum

Aa(h)ar(W)A(s + 552, h7)
2 s

heF

is monzero for every s € R. In particular for any s € R there exists an eigenform
h € Sx(N,w') such that A(h),ar(h) and A(s + 52, h) are all nonzero.

Some of the hypotheses of Corollary 1.3 can be weakened with minor modifica-
tions. To allow ged(n,r) > 1, we simply need to exclude the left edge of the strip.
Thus the boundary of R should be shrunk to 6 < Re(s) < 1 for any 0 < § < 1/2.
If in addition we exclude the right edge by considering § < Re(s) < 1 — ¢ for such
0, then the statement is also valid for k = 3. When N = 1, the situation is a little
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more delicate because if s lies on the critical line, the first two terms in the formula
for the average may cancel each other out and we cannot say anything. Indeed if
k = 2 mod 4, the L-values themselves vanish at s = k/2 because of the functional
equation (1). So when N = 1 we must assume that R is a compact region which
does not meet the critical line Re(s) = 1.

Suppose it happens that dim Sx(NV,w’) = 1. Then the theorem gives a com-
putable formula for the values of the L-function of the cusp form. Using an effective
version of Corollary 1.3, we obtain zero-free regions for several such L-functions in
Section 4.2. As a final illustration, we show how to use the formula to compute
some familiar data, namely values of Ramanujan’s 7-function. This is achieved by
taking a quotient of two different averages. The resulting expression can be esti-
mated to any desired precision using partial sum approximations, and since 7(r) is
known to be an integer, we can pinpoint its value with just a few terms.

Theorem 1.1 is proven using a relative trace formula on GL(2). We start with a
Hecke operator, and integrate its associated kernel over the group N x M, where
N is unipotent and M is diagonal. This is a hybrid of the techniques of the papers
[Li], [KL1] (which used N x N) and [RaRo] (which used M x M). The paper [RaRo]
of Ramakrishnan and Rogawski gives an asymptotic formula for certain averages
of the form ), ~ Apr (MAG/ HQ}’L}ﬁ?X)A(k/ 2h) which yields a weighted equidistribution
result for the Hecke eigenvalues. They use a regularization procedure since they
assert that the terms on their geometric side are not absolutely convergent. Thus
the replacement here of just one factor of M by the unipotent group N (of compact
quotient) is enough to give an absolutely convergent trace formula.

We mention that Feigon and Whitehouse refined the method of [RaRo] in many
cases by using the Jacquet-Langlands correspondence to avoid the convergence
issues inherent to GL(2), [FW]. They obtain closed formulas for the averages at
the central point, over a totally real field.

A version of Theorem 1.1 involving twisted L-functions A(s,h ® x) should be
obtainable by similar methods, using a test function as in [RaRo]. Of course, the
presence of a nontrivial character y will only help the convergence of the trace
formula.

We would like to thank David Bradley and George Knightly for their helpful
comments on the hypergeometric function. The numerical calculations in Section 4
were made using Mathematica. The first author was supported by the University of
Maine Office of the Vice President for Research, and NSA grant H98230-06-1-0039.

2. NOTATION AND PRELIMINARIES

We briefly recall the notation and test function of [KL2], which contains proofs
of the various facts mentioned in this sectiog Let A, Ag, be the adeles and finite
adeles of Q, and let G = GL(2). We write G for G/Z where Z is the center. Fix
a level N > 1 and a Dirichlet character w’ of conductor dividing N. For a weight
k> 2 let Sx(IV,w’) denote the space of cusp forms satisfying

h(vz) = W' ()" 1i(, 2)*h(z) (v € To(N)).
Here w/((2 %)) = w/(d) and
J

((25),2) = (ad —be) 2(cz+d)  ((24) € GR)™).
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Using A* = Q*(R% x 2*), define
w:A* - Z* — (Z/NZ)" — C*,
where the last arrow is w’. For an idele z, let zy denote the idele which agrees
with 2 at the places p|N, and which is 1 at all other places. Then for any integer
d prime to N,
w(dy) = ' (d).
To each h € Sx(N,w') we associate ¢, € L3(w) = L3(G(Q)\G(A),w) by using
strong approximation:
Ph(V(goo X k) = w(k)j(goo, 1) *h(goo(i))

for v € G(Q), 9o € G(R)" and k € Ko(N) ={(24) € G(Z)|c € NZ}.

We normalize the Petersson norm by

1 9 xdzdy

2= z
) 12 = 7 o PO

If we normalize Haar measure on G(A) so that meas(G(Q)\G(A)) = /3, then the
Petersson norm corresponds to the L?-norm, and the map h — ¢y, is an isometry.
We normalize Haar measure on A so that meas(Q\A) = 1. We take Lebesgue

measure dz on R and d*y = fly—yl on R*. On A} we normalize so that meas(z*) =1

Fix n € Z* with ged(n, N) = 1, and define a test function f = fo X f® as
follows. Define
M(@,N)={g=(2}) € M>(Z)| det g € nZ* and ¢ = 0 mod NZ}.

The support of fa, = f* is the set Z(Aga)M(n,N) = Z(Q*)M(n, N). By defini-
tion,
N
Pleam) =400 (q € 2(Q"), m e M. V)
where for m = (¢%) € M(n,N) we define w(m) = w(dy). We take foo(g) =

de<7Tk(g)’U0,U0>, where m is the weight k discrete series of GL2(R) with formal

degree dy = & and lowest weight unit vector vy. Explicitly, if g = ( ab )7 then
(k=1) det(g)/2(20)" .
foolg) = 4m (fb+g+(a+d)i)k if det(g) >0
0 otherwise

(see [KL2], Theorem 14.5).
This function f is integrable precisely when k > 2. Hence for such k it defines
an operator R(f) on L?(w) by

R(f)é(x) = / F(9)élzg)dy.

G(A)
Then as shown in [KL2], we have the following commutative diagram:

ni1R(f)

L*(w) L*(w)
orthog. proj‘l T
Sk(N, w’) Sk(N, w’)
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where Ty, is the classical Hecke operator. Letting F be any orthogonal basis for
Sk(NV,w'), the kernel of R(f) is the function on G(A) x G(A) defined by

(3) K(g1,92) = Z flor vg2) = Z R(f)¢h(91)¢h(92).
veG(Q) heF

llénl?

Lastly, we let 8 : A — C* denote the standard character of A. It is defined by
Ooo(2) = 2™ 2 € R,
and '
Op(x) = ™),z € Qy,
where r(z) € Q is the principal part of z, a number with p-power denominator
characterized (up to Zj,) by @ € r(z) 4+ Zy. Then 6 is trivial on Q and 0sn =[], 0,

is trivial precisely on Z. In particular, for any ¢ € Q, On(q) = Os(q)™! = €24,
The characters of Q\ A are parametrized by r € Q via:

0. (z) = 6(—rzx).
3. PROOF OF THE THEOREM

3.1. Spectral side. The theorem is proven by computing the following

0 o (69 e e

using the two expressions for the kernel (3). We will see presently that the integral
(4) is absolutely convergent for all s.

For the spectral side, choose F in (3) to be an orthogonal basis of eigenvectors
of Ty. Then R(f)¢n = n'~*/2)\,(h)¢y for h € F, so (4) is equal to

nl=/2)\ (h) e V(2 d TN (s—k/2
O Lo e COEG [ Gl

heF Q*\A*
_ nl7k2 > Aa(h)ar(h)A(s,h™)
- 2nr HhH2 ?
heF

by the following lemma.

Lemma 3.1. Forr € Q,
—27r ; +
Lenws .. | e ar(h) ifrelZ
/Q\A (bh(( 1 )) O (w)dx = { 0 otherwise,

and

/ () Iyl 2"y = A(s, ™).
Q*\A~

Proof. For a proof of the first statement, see [KL2], Corollary 12.4. For the
second, note that ¢5((¥,)) = y*/2h(iy) when y € R%. Furthermore, h(iy) =
> ar(h)e™?™¥ = h™ (iy). We can integrate over the fundamental domain R x Z*.

The integrand is invariant under 2*, which has measure 1. Thus

/ (T Dlyl 2y = / W Giy)y*~dy = A(s, ™).
Q*\A* 0
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The two integrals in (5) are absolutely convergent for all s, so we have the
following.

Proposition 3.2. The double integral (4) is absolutely convergent for all s € C.

3.2. Geometric side. On the geometric side, we use the formalism of Jacquet’s
relative trace formula. Let N be the upper triangular unipotent subgroup of G,
and let M be the diagonal subgroup. Let M = M/Z, where Z is the center.
Setting H = N x M, the integral (4) is taken over H(Q)\H(A). Using K(n,m) =
>ec S (n=tym), we would like to pull the sum out of (4), however the individual
terms f(n~1ym) are not well-defined modulo H(Q). We have to break G(Q) into
H(Q)-orbits, and sum over these orbits. The action of H is (n,m) -~y = n~tym.
For § € G(Q), its orbit is
] =1{("7)8("1)lz € Qe Q) = {n""dm| (n,m) € H5(Q)\H(Q)}

where H; is the stabilizer of 4. It is easy to check that in fact Hs = {1} for any 4.
Thus the geometric expression for (4) is equal to

(6) FU(E 7)Y )0 (@)lyl* ™/ 2dx d*y.
>, e st me y

To justify this manipulation we have to show that (6) converges absolutely.

Proposition 3.3. Suppose 1 < Re(s) <k — 1. Then
S8 Bl drdy < .
o) /A /A

Thus for such s, the geometric side (6) converges absolutely and equals the spectral
side (5).

We postpone the proof of the proposition until Section 3.3 below. Assuming it for
now, let I5(f) denote the double integral attached to ¢ in (6). By the proposition,
I5(f) is absolutely convergent on the given strip. We just need to determine the set
of § and compute each of these geometric integrals. We assume throughout that
the hypothesis of the proposition is satisfied.

The set of orbits [§] is in one-to-one correspondence with N(Q)\G(Q)/M(Q).
By the Bruhat decomposition

G(Q) = NQM(Q)JNQ( -, ")NQM(Q),
a set of representatives is given by
{Bu{(%1)teqQ}

Proposition 3.4. When § =1, the integral

// < ) O(rz)dzly|* 52 d*y

converges absolutely on 0 < Re(s) < k — 1, and for such s it is
B nl k/2 ’lr/)(N)2k 1F(S)(27T7‘Il)k s—1 Z sz—k—i—l
- e (k —2)! Ww'(m)

m| ged(n,r)
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Proof. The absolute convergence will be proven in Prop. 3.10 below. For s as given,
we factorize the integral as I1(f)oo 1 (f)an. To start with,

ﬁ“‘/ / < ))"ﬁn@“ﬂf)dmlms Py
fi Afin

fin

The value of f* is nonzero if and only if there exists m € Q* such that (" ~™*) €
M (n, N). In particular, m € Z N Q* = Z*. Furthermore,
(i) my € Z
(ii) m2%y € nZ*
(iii) ma € Z.
Together, the first two conditions imply that m|n. Conversely, if m|n, condition (ii)
implies condition (i). Assuming that m|n and y satisfies (ii), we have

[ mtetr = ZE [ oy

fin

Because m|n, it follows that (m, N) =1, so w(my) = w'(m). Hence the above is
myp(N)/w'(m) if m|r
- {0 otherwise.
Thus
myp(N)/w'(m) ifye€ 25 Z* for
/ 12( (g —1x> )05y (rx)de = some m| ged(n, ),
Afin

0 otherwise.

We note that if such m exists, it is uniquely determined by y. Now

m . mm2ns—k/2
L= Y w(m/ Wy = o) Y m{m®/n)* 7=

w'(m) w'(m)

For the infinite part, recall that f., vanishes on matrices with negative determi-

nant. Thus
> -z s— *
o= [ [ aet(y 7 )omtrrte 2,
o JRr
We have

y -z e m_k__lk/2 ik wﬁ#x
/Rfoo((o 7)o (rar)da = ar 7 (20) /700 (x"'(y"'l)i)kd

Use a clockwise semicircular contour integral in the lower complex half-plane. The
integrand has a pole at = —(y + 1)7 inside the contour. By the residue theorem,
the above is

m| ged(n,r) m| ged(n,r)

k—1 k/2 (0 \k 2mi d=t —2mirz
= KLy 2 ¢
4 (k —1)! dax? e (1)
k=1 w26 2T k=1 —27r(y+1 (47r)<! -
B — 2 —9 ar(y+1) _ k/2 27y
VG gy (e —2)ler? ©

Therefore using Re(s) > 0,

Amr)E—1 L o 4kt
Il(f)oozﬁ/ y® 1e—2 ydyZ%(

27r) T ().
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All together we have

k— k/2—s o )E—s— m2s—k
() = P2t o i

k—2 2mr / '
( ) € m| ged(n,r) w (m) O

Next we need to compute I5(f) for § = (9

9 1) with ¢ € Q. We begin with the
special case t = 0.

Proposition 3.5. If § = , then

) jfﬂ</f (72 §))otasty ey

converges absolutely for 1 < Re(s) < k. For such s, Is(f) =0 unless N = 1. When

N=1,
Z mk72s+l'

m| ged(n,r)

n!~%/2 25-1D(k — 5)(27rn)* !
e2nr (k — 2)!4k

Is(f) =

Proof For the absolute convergence, see Prop. 3.10 below. The value of f* in

[)in = fA* fAf I ( YE ) 0sn (ra)dalyla, %/2 7%y is nonzero if and only if there
exists m € QJr such that (T;f;%l) € M(n, N). This means m € Z*, my € NZ
and m?y € nZ*. Tt follows that N |n, which is only possible if N = 1. Assunnng
N =1, we have m|n. The last requirement for nonvanishing is = € —Z mZ in

which case f(( ¥} é)) = 1. Hence for fixed m|n and y € #Z*,

n/m if o ¢ 7,

1
n 0 N dr = 0 N de = n
/Afmf (< Yy 0)) an{ra)do mZ n(rz)de {0 otherwise.

Now we have

s . n .
I(Fan =30 2 / ol Py = Y0 2y

mn, mn,
= L
™

_ nk/2fs+l Z m2s k-1 — nk/2fs+l Z (n/m)stkfl

m|n, m|ged(n,r)

i
_ nsfk/Q § mk72s+1'
m|ged(n,r)

For the infinite part I5(f)oo = [+ Jr foo(( Y% 0))0o0 (rz)da|y|* /2 d*y, as before
we can assume y > 0. We have

1 —2mirx k—1 k/2(0; k/OO e e
0o de = —— 2 —d.
/f (< Y 0))6 P Ty o™

k — 1)(2; oo —2mire
_ ( )( 7’) k/Q(Zy) k/ € — dr
o oo (@ + ()i
Take a clockwise semicircular contour integral in the lower half-plane. The inte-
grand has a pole at z = —i(1 + i) By the residue theorem the above is

(1{—1)21‘2/_1{/2 2mi  d<1
47 (k —1)! dak1

e—Qﬂ'irz

wzfi(le%)
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_i2k71
— (k 2)' 7k/2(_27ri7,)kflef27rr(l+l/y)
_ % —k/2,—2nr/y

Therefore — -
dur)i—le==mr [
I o =
5(f) (k — 2)1

For any a > 0, fooo tv=le=a/tdt = o*T'(—w) when Re(w) < 0, so we get

T k—1_—27r
Is(f) = %(%ﬂs—kr(k_s)ns—k/ﬂ S e

ysfkflef%rr/ydy'

m| ged(n,r) 0

For the case of § = (_01 %) with t € Q*, we use the following lemma, which is
very easy to prove.

Lemma 3.6. For any n,m,r € 2

V2N (n+mZ) = 0T w2 sedrm)n
0 if ged(r.m) fn,

where ¢y € 7 is any fized solution to rco = n mod mZ.

We also need to recall the definition of the confluent hypergeometric function

oo

1Fi(sikw) = ((Z;:%
m=0
where (s)o = 1 and for m > 0, (s)m = s(s+1)(s+2)---(s+m —1). This is
absolutely convergent for all s, k,w € C, except when k is a nonpositive integer.
We have the following useful integral representation:

F(k) ! wtys—1 _ p\k—s—1 s
7P(k_5)r(5)/0 U= (1 — £F=~1dt  (Re(k) > Re(s) > 0)

(8) 1F1(s;k;w) =

(see [S1], §3.1).

Proposition 3.7. If § = (_1 t) for t € Q*, then Is(f) is absolutely convergent
when 0 < Re(s) < k. It vanishes unless t € ;Z. For such t, write t = %b. Then
(4mr )=~ (N)n*/2 x 2 ged(b/d, Nd) _2rirta
b k: Tirn b/d
( 2) eims/2p2mr s 1f1(8 > Nb ) Z d257kwl(b/d) € )

dlb
ged(b/d,Nd)| ged(r,n)

Is(f) =

where Ly € Z is any integer satisfying lo(Nd) =n mod (b/d), and
-5
1fi(s3kw) = )1F1(8;k;w)'

When b < 0, we take b*~% = |b|*¥eim(s7k),

Proof. The absolute convergence will be proven in Prop. 3.9 below. We can fac-
torize the integral as Is(f) = Is(f)oo L;(f)ﬁn First we compute

w= / (2 atrmyaslyp
Af)n

f1 n
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Suppose f2(( ¥} '71%)) # 0. Then there exists m € Q* such that

<myx m—mtx) € M(n, N).
—my mt

This means: R R

(i) mye NZ (iv) mayeZ

(i) m?ye nZ* (v) m—mtx € Z.

(i) mteZ
The first two conditions imply that m = 5 for some integer d > 0, and that
Yy € @2* By the third condition, t &€ %2, or equivalently, t € %Z and
d|+t. This proves the first assertion. Condition (iv) is now equivalent to z € ﬁi
Conversely, if m, y, t, x are given in this way, they will satisfy (i)-(iv). Thus we have

ns~ k/2
x 1—tx *
() = 3 Cre /N / (%511 ))0gn () .
S t
Write ¢ = &b for nonzero b € dZ. Then mt = b/d, so the fifth condition is
equivalent to = € w5 + %Z. Thus the inner integral is taken over

1 5 ds
€ N_dz N (m +3 Z).
By Lemma 3.6 (multiply the above through by N b) this set is nonempty if and
only if ged(b/d, Nd)|n, in which case it is equal to wco + WZ where ¢g is
any solution to (b/d)co =n mod Nd.
Note that ged(b/d, Nd)|n implies that b/d is prime to N. Therefore the value of

. . o p(N)
f™ in the integrand is (b/d) Thus

ns—k/Q
L(m= 3 oy on(ra)da

dlb (Nd)?s® w'(b/d) Nd00+m

ged(b/d,Nd)|n
n® ¥ p(N) rCy
DY <Nd>2skw’(b/d)oﬁ“(ﬁ/mz‘)ﬁ“(””>d”"’

dlb
ged(b/d,Nd)|n

_ ’lr/)(N)ni_k/Q Z ngEb/da Nd) eQﬂiTCo/Nd.
N2s—k d2s kwl(b/d)
dlb
ged(b/d,Nd)| ged(r,n)

For the archimedean part, the inner integral is

[t e
R

k—1 00 e—Qﬂ'irz
_ 97)% k/2/ d
4 20y oo (tx =1 —y + (yx +t)i)k *

k—1 Nk K/2 - 0o 6727rirw
=~ 20"yt +iy) CEE ==
o0 i(y—it)




12 ANDREW KNIGHTLY AND CHARLES LI

The integrand has a pole at z = —i(1 + ﬁ) in the lower half-plane. Using a
clockwise lower semicircular contour integral, this is

k—1 271

= g = Z1)! (=2mir)<ty2 () 7y — it)re ),
Thus ()t
4mr)E- o .
I o = s—1¢,, i)k 727r'r/(y71t)d .
e g AN y

This has an essential singularity at y = it. We define y°*~! as a holomorphic function
of y by taking the principal value of logy on the positive real axis, and making a
branch cut along the positive imaginary axis if t > 0 or the negative imaginary axis
if t < 0. Now pulling out ¢ and making a change of variables, we get

(4mr)s—tesx /ioo -1 N~k —2mr/t(y—i

1 o = s — mr/Hy=) gy,

s(f) o |, Y (y—i) e y

where the sign in the upper limit is the sign of ¢, and by our choice of branch,

578 = |t|* %" (7% if t < 0. In the notation of the next lemma below, the integral

is G(s,k,7/t). By the result of the lemma and setting ¢t = Nb/n, this gives
(4rr)k—tNs—k b5~ %, f1(s; k; 2mirn/Nb)

(k _ 2)[ eims/2p2mrys—k e2mirn/Nb :

Ié(f)oo =

When we multiply this by I5(f)fn, we can combine the terms

e—Qﬂ'irn/NbeQﬂ'irco/Nd _ eQﬂ'?;T‘(CO(b/d)—n)/Nb.
Writing ¢(b/d) —n = —Nd{y for some ¢y € Z, we have Ndlp = n mod (b/d), and
the above is equal to e~ 2740/(b/d)  The result now follows. O

Lemma 3.8. For s,w € C and k € Z™, define
sk w) = [Py i) ey,
0

This function converges absolutely for 0 < Re(s) < k. On this strip we can represent
G(s,k,w) in terms of the confluent hypergeometric function:

G(s,k,w) = ikems/262me 1F1 (85 k; 2miw).

Furthermore, the integral defining G is unchanged if we replace co by —oo.

Proof. Let t =1+ yii’ so that y —i = 1_—_Zt This linear fractional transformation
takes the positive real axis to the upper semicircle C of radius 1/2 centered at

z=1/2. Then dy = ﬁdt and

—it \*7N =i \F —i
G(s,k,w) =/ ( > ( > e2riw(t=1) S dt.
c\1-1t 1t (1—1)

We define y*~! = e(s=D18¥ by taking the principal value of logy for y > 0, and
making a cut along the positive imaginary axis in the y-plane. This cut corresponds
in the ¢-plane to cuts on the real axis from 0 to —oco and from 1 to co. We choose
log(—i) = —im/2, and choose the principal branches of log(t) and log(1 — ¢). Then
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for t € (0,1), —37w/2 < arg(—it/(1 —t)) < w/2 and therefore these choices are
compatible with the choice of logy. Now

G(S,k, U)) — e—is#/Q(_i)—ke—Qﬂ-iw/ eQﬂ'iwtts—l(l _ t)k_s_ldt.
c

The integrand is holomorphic in ¢ and single-valued in the cut plane, and by
Cauchy’s theorem, its integral around the following contour vanishes.

C

‘ € 1—¢

Using the fact that 0 < Re(s) < k, it is straightforward to show that the contribu-
tion along the small arcs goes to 0 as € — 0. It follows that the integral along C'
can instead be taken along the real axis, so

1
G(S, k, U}) _ ikefiﬂs/Qef%riw / e27riwttsfl(1 _ t)kfsfldt'
0

. wl(k—s)T
_ Z-ke—zﬂ's/Qe—Qﬂ'zw WlFl (57 k, 27TZUJ)

by (8). If the upper limit of G is replaced by —oo, then ¢ will traverse instead the
lower semicircle C' from 0 to 1, which can likewise be moved to the real axis. In fact
a more general path independence property can be proven in a similar way. (I

3.3. Proof of Proposition 3.3. For each §, we set

= [ s @l

Because f* is compactly supported modulo the center and bounded by ¥(N), the
finite part 7¢%*(f)an converges for all s to a value depending on 6. Thus we primarily
need to consider the infinite part

B = [ [ 1l )8 ) dey 0wy,

We will repeatedly use the fact that for g = (‘cl Z) e GR)T,
k—1 det(g)k/22¥
(10) |f00(g)| = 2 2 2 2 k/2°
A (a? + b2 + 2 + d? + 2det(g))

This follows easily from the explicit formula for f.
Proposition 3.9. Let §; = (_01 %) fort € Q*. Then if 0 < Re(s) < k,

(a) I§»(f) < o0

(b) If2(f)oo < [t[Ro0)7E.
Furthermore, if 1 < Re(s) <k — 1, then

(c) > Ig»(f) < oo

teQ*
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Proof. We need to estimate the expression

R yr 1—tx Re(s)—k/2—1
J Ll )

y (10), the inner integral is

< yk/2/ dxr
—oo (YP2? P+ 2+ (1 — tw)? + 292

e dx
o k/20,2 2\—k/2
y(E +y) /
— 00 (1‘2 - t2—2i-ty2 + 1+t:;:/ 2+2U)k/2

We will show that the integral is bounded, independently of y and ¢t. Completing
the square, the integral is equal to

2 2 - 2 2 2 2 2
—oo ((x — tQiyg)Q + (1;F27;J2y-2i-t _ (tQJtr2y2)2 )/2 oo (22 4 (1+2y+y(t-2i-Jtr)(§ Ty2)—t /2
o dx o0 dr
| o L

Therefore writing s = o + 47,

Iabs(f)oo <</ yo_l(tQ—FyQ)_k/Qdy.
0

For convergence as y — 0, we need 0 — 1 > —1, i.e. ¢ > 0. For convergence as
y — 00, weneed 0 —1 —k < —1, i.e. 0 < k. This proves the absolute convergence
of I, (f) on the given strip.

In order to sum over ¢, we need to bound the above integral in terms of t. We
have

oo 2
abs o— _ Yy, _
B < [0 0 )y

0 s.2\ % 2
— ) o Yy - *
=~ [ (%) s e,
0

Letting u = (y/t)? so d*u = 2d*y, the above is

1 o y3-l
=t o—k 7(1
2| | </O (1+u)k/2 U,
which proves the second assertion since k > o > 0. (As an aside, this last integral
equals B(%,%5%) where B(n,m) = I'(n)I'(m)/I'(n + m) is the Beta function.)
As in the proof of Proposition 3.7, I(‘;tbs( f)an vanishes unless t = %b for some
be Z—{0}. By (9), we see that

Iabs (f) < n?" k/Q"r/) Z d—20+k
fin N2o' k
d|b

If o > k/2, then d=2°F% < 1. If o < k/2, then d=29F% < |b|=29%, The number of
divisors of b is < b° for any £ > 0. Since I{**(f)s contributes [b|” ¥, we have
Z abs {EbeZ—{O} |b|70'+6 1f (o S k/2

HenceZtI“bS( f)<ooaslongasl<o<k—1 O

(11)
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The following will complete the proof of Proposition 3.3.

Proposition 3.10. For § = 1, I{**(f) < oo provided
0 < Re(s) <k —1.
For§=(_y'), I¢*(f) < oo provided
1 < Re(s) < k.

Proof. For any a > 0, a change of variables gives

o dx e [T du
(12) /700 (@2 + a2/ a o @2

We again write s = o + i7. When § = 1, using (10) we have

o [e%) o—1
y
Iobs dz dy.
! (f)<</0 /40 @+ +oy+ 12

oo
<</ v Yy 4+ 1)K dy.
0

This converges precisely when 0 < o <k — 1.
Similarly, for 6 = (_; 1),

By (12), this is

o—1

Iabs Y drd
5 (f)<</0 /_OO STy x dy

i & dx
o—1—k
= d
/0 Y ,/,Oo (2 4+ (1+ %)2)1‘/2 Y

<</ y07k71(1+y71)7k+1dy.
0

Asy — 0, weneed o —k—14+k—1>—1,ie. 0 >1. As y — oo, we need
0 —k—1< —1,ie. o <k. This proves the proposition. O

3.4. Proof of Theorem 1.1. We have now proven that the geometric side con-
verges absolutely when 1 < Re(s) < k — 1, and therefore it is equal to the spectral
side on this strip. When we sum the contribution of Prop. 3.7 over all b # 0, we
set a = b/d so that b = ad. Then

s— mirn ng(b/d’ Nd) e
Zb 1 fi(si ks 2RER) Z W/(b/d)e v
b#0 ged(b/d, N )] god(rn)

B Z a*"®d~% ged(a, Nd)

e 270
= w/(a)e%wrfg/a 1]01(3,1{7 ZGZTdn)

a#0,d>0
ged(a,Nd)| ged(r,n)

The theorem now follows immediately upon equating the two sides of the trace
formula and dividing through by e=27"n'—¥/2,
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4. ESTIMATES AND EXAMPLES

4.1. Asymptotic behavior. For two functions A, B, we write A ~ B to mean that

A/B — 1 in a limiting sense which will be clear from the context. For example, by

Stirling’s approximation we have the following;:

(13) [(z 4 b) ~ V2me 222 +071/2 (z = o0, |arg z| < m)

([AS], 6.1.39). The ~ notation here depends on b, i.e. given € > 0 there is a

constant N (b) > 0 such that the quotient is within € of 1 whenever |z| > N(b).
We now estimate each term of Theorem 1.1 as k — oco. It will turn out that

the first two terms are dominant, provided their sum does not vanish. In order to

ensure nonvanishing of 37 ¢, .y m** 751 /w'(m), we will assume for simplicity

that ged(n, ) = 1. However in general one can prove that this sum can only vanish

on the left edge of the critical strip, i.e. on the line Re(s) = k;21

Proposition 4.1. Let s = k/2 + a + i1, with 1 < kX/2+ o < k — 1. Assume

ged(n,r) = 1. Then as k — oo the identity term in Theorem 1.1 satisfies

2\/; ¢(N) (47T7.n)k/27a71kk/2+a71/2

P(N)2X1T(s) (2mrn)k =1
(14) ' &—_2) TEDICE
Amrne\ /2!
~ \/iw(N)ea+l (T) .

If N =1, then as k — oo the second term in Theorem 1.1 satisfies
251 (k — s)(27rn)* ! 2/ (4mrn) /2T 1gk/2—a=1/2

15
(15) (k — 2)l4k (k — 2)! ek/2
drrne \ /2Tt
~ 2 —a+1 oo .
Ve < ' )

Remark: The ~ notation here depends on « + i7 as discussed after (13).
Proof. Using (13), the lefthand side of (14) is
(N2 YD(k/2 + a + i7)|(2mrn)s/ 2!
B (k —2)!
1/)(N)2_12k(27TTn)k/2_a_1 27T€—k/2(k/2)k/2+a—1/2
(k —2)! '
For the second line of (14) we substitute (k — 2)! = I'(k — 1) ~ v/2me ¥k~ 1-1/2,
The second estimate is similar, as the lefthand side of (15) is
2_12k(27T’I"n)k/2+a_1€_k/2(k/2)k/2_a_1/2
- (x—2)! ' 0
We now show that the third term in Theorem 1.1 decays much more rapidly in
comparison with the first terms as k — co. We can rewrite it as a sum over a,d > 0.

~
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Note that w'(—a) = (—1)*w’(a). Thus the third term is equal to

$(N)(4mrn)<!
No(k — 2)l eims/2 Z

ged(a,Nd)| ged(r,n)

(16) [asfkdfslfl(s;k, 27rirn)ef27rir€0/a

' Nad

ged(a, Nd)
w'(a)

where £/ is any integer satisfying £o/Nd = n mod a. Write s = o + i7. If w is real,

1
/ eQﬂ'iwtts—l(l _ t)k—s—ldt‘
0

+ ewrsas—kd—slfl (57 k; — 2]:;221)627717’20/a:|

[1.f1(s:Xk; 2miw)| =

1
(17) < / 1711 — 17"1dt = B(o,k — o)

0
for the Beta function B. Furthermore, |¢™/2| = ¢~"7/2, Thus the absolute value
of (16) is

BN () ged(r,0) B(0,k —0) s
No(k — 2)!

S Z af(kfo)dfa |1 + eiﬂ's‘ )
a,d>0
Note that |1 4 ™| < (14 e~""). Pulling this out of the sum, we obtain (e™/2 +
e~™/2) = 2 cosh(r7/2), and we immediately arrive at the following.
Proposition 4.2. Write s = o+ i1 for 1 <o <k—1. Then the absolute value of
the last term (16) of Theorem 1.1 is
- Y(N)(4rrn)k ! ged(r,n) B(o, k — o)
- Neo(k —2)!

for the Beta function B and the Riemann zeta function C.

2 cosh(rm/2)¢(k — o)((0)

We remark that when 1 < Re(s) < k — 1 as is the case here, the integrand in (17)
is smaller than 1 so 0 < B(o,k — o) < 1.

If we restrict s to the critical strip k;—l < Re(s) < , then both zeta values
approach 1 as k — co. Therefore we see that if N > 1, the identity term is dominant
as k — oo. If N =1, then I;(f) is the main term when o > k/2, while I( 0 (1))(f)

k+1
2

is the main term when o < k/2.
Corollary 1.3 now follows easily. In fact we can make it effective. Assume N > 1,
k > 3 and ged(n,r) = 1. Let
P(N)25 1T (s)(27rn )k =51
(k —2)!
denote the first term of the geometric side of Theorem 1.1, and let T'(s) denote
the other term, given in (16). Clearly the average of L-values is nonzero whenever
|T(s)| < |F(s)|. By Prop. 4.2, this holds whenever
»(N)(4rrn) 1 B(o,k — o)
No(k —2)!
Y(N)25 I (s)|(2mrn)< 7!
< .
(k —2)!

F(s) =

2 cosh(n7/2)¢(k — o)((0)
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Using B(o,k — o) =T'(0)I'(k — o) /(k — 1)!, the above is equivalent to

N\ (= D)UD(s),
(18) %wwﬂﬁ<<%m)<&—®WﬂW—@””'

Lemma 4.3. For any s = o + i1 with o > 1,

‘P(s) > o-rarg(s-1/2) [ 7 1/2_ 2272(:
L(o)| = o—1/2+ ﬂlj%
Proof. This follows immediately from the following approximation due to Spouge:
(19) D(s) = V2r(s — 1/2)5Y2e75TV2[1 4 ¢(s)] (0 >1),
where n(2)
o)l < 2

([Sp], Theorem 1.3.2). We apply this to I'(s) and I'(c), and use
(S _ 1/2)571/2 — |S _ 1/2|071/2677arg(371/2) > (O’ _ 1/2)071/2677arg(371/2).
O

By the lemma and (18), we see that the average of Theorem 1.1 is nonzero
whenever

N )7 (k- 1)! o—1/2— @
20 2 cosh(rm/2)e” 2r8(s—1/2) (me Py o
(20) (rm/2) (k=)@ —0) \ o —1/2+ 22

We remark that since |arg(s — 1/2)| < m/2, the lefthand side is bounded above by
2 cosh(rm/2)el™17/2 = ¢7I7l 4 1, which would simplify but weaken the inequality.
Since the lefthand side of (20) increases with |7|, we obtain the following.

Proposition 4.4. Suppose N > 1, k > 3, and ged(n,r) = 1. Fiz 79 > 0, and let
R denote the set of s = o + i1 with |7| < 19 and k;—l <o< %1 Then the average
in Theorem 1.1 is nonzero at every point of R if

k:tl

(25) 7 G-t (5-1- 00

27rn 2me

COFPTOR) | 5+ 2

(21) 2 cosh(rom/2)e™ tan ! (epty)
0

Here we choose % if N > 27rn, and % otherwise.

Because the righthand side of (21) tends to co as N +k — oo, Corollary 1.3
follows immediately.

4.2. Zero-free regions. We can use Prop. 4.4 to find zero-free regions of certain
modular L-functions. The idea is to apply the proposition with n = r = 1 when
dim Sk(N w’) =1, since the average then gives an actual L-value. The exponent of
n (21) is &1 unless N>T.

7T

Example 4.5. Let h denote the unique normalized cusp form in S19(2). When
n=r =1, N = 2 and k = 10, the righthand side of (21) is 8.97346, and the
inequality holds for 7o = 1.169259. Hence the value of A(s, h) is nonzero for all s
in the critical strip with | Im(s)| < 1.169259.
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Example 4.6. Let h denote the unique normalized cusp form in Ss(3). Then
A(s, h) is nonzero for all s in the critical strip with |Im(s)| < 1.119308.

Example 4.7. Let h denote the unique normalized cusp form in S¢(5). Then the
value of A(s, h) is nonzero for all s in the critical strip with |Im(s)| < 0.852608.

Example 4.8. According to Stein’s Modular Forms Database, there exists a Dirich-
let character x mod 7 (unique up to Galois conjugacy) for which dim S5(7,x) = 1.
If h is the normalized cusp form, then A(s,h) is nonzero for all s in the critical
strip with | Im(s)| < 0.501352.

4.3. Approximation by partial sums. In order to estimate the geometric side,
we can truncate the last term (16). Let A, D be positive integers. Define the partial
sum

_ w(N)(47rrn)k_1 s—k j—s 1. 2mirny ,—2mirlo/a
4D = N~ g)iemel? > e s e

ged(a,Nd)| ged(r,n)

1<a<A,1<d<D

ged(a, Nd)
w'(a)
where as usual {oNd = n mod a. The error is given by the tail of the series
_ ¢(N) (47r7“n)k*1 s—k j—s 1. 2mirn ,—27irlo/a
AA7D - Ns(k_Z)!eiﬂ's/Q dz>0 |:CL d 1f1(8’k7 Nad )6
a>Z’or d>D

ged(a,Nd)| ged(r,n)

+ ewrsasfkdfslfl (S; k; — QZGZ?)GQWWZO/U,}

ged(a, Nd)
w'(a)
As in the proof of Prop. 4.2, we have the following bound for the error:
Y(N)(4rrn) L ged(r,n) B(o, k — o)
Neo(k —2)!

+ ezrrsas—kd—slfl (57 k; — 2]@1;;)627717450/a:|

|Aap| < 2 cosh(m7/2) Z a" &g,

a>A or d>D
ged(a,Nd)| ged(r,n)

We can estimate the error using the following easy lemma.

Lemma 4.9. For s =0 + i,

A D
Z a” 5477 < ((k — 0)((0) — Z a= =) Z d—’.
d=1

a>A ord>D a=1
ged(a,Nd)| ged(r,n)

4.4. Computing the 7-function. As a simple example, consider Ramanujan’s
Az) =300 7(n)e*™™* € S15(1). Writing
) ) = TOAGA) /A

T(DA(6,4)/][A|]2
we can use the geometric side of Theorem 1.1 to compute the top and bottom.
Taking n = 1, let F(r) denote the sum of the first two terms of the formula for

% We find that

12 551
Fir) = 212(27r) 5..
10!
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Let Sa(r) denote the A*" partial sum (taking A = D above) of the last term of the

formula. Then % ~ F(r) + Sa(r) with an error of
2(47r) 11 B(6,6) A
wr , 9
< AT _
(23) < 2 PO () (;_1: )

by Lemma 4.9.
As an illustration, we will compute 7(2). To estimate the denominator of (22),
take r = 1 and A = 1. This gives
A(6,A)  2'2(2m)°5! B (4m)tt
A2 = 10! 10!
with an error of < 8.584. So the exact value is in the interval [1483, 1502].
For r = 2 we need to use A = 3 to get a reasonable approximation. We get
T(2)A(6,A) ~212(47T)55! . (877)11 Z
INEEERE 10!

{1f1 (6;12;27i) + 1 f1(6; 125 —2m')} = 1492.55

(0d) ™ 136125 5=

a,d€{1,2,3}
ged(a,d)=1

+1/1(6;12; —%)62’”’”0/“]

= —35769.72.
By (23) the error here is

Thus the exact value is in the interval [-36124, —35415].
Taking the quotient of the estimates, we find that
—36124 —35415
T3 =TS Tae
ie.
—24.359 < 7(2) < —23.578.
Because 7(2) is an integer, it must equal —24.
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